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§1 Introduction
A Rota-Baxter algebra (first known as a Baxter algebra) is an algebra A with a linear operator
P on A that satisfies the Rota-Baxter identity
P (x)P (y) = P (P (x)y) + P (xP (y)) + λP (xy), for all x, y ∈ A,
where λ ∈ k (the field), called the weight [2, 11].
Rota-Baxter algebra originated from the 1960 paper [2] of Baxter based on his probability
study to understand Spitzer’s identity in fluctuation theory. It wasn’t long before the concept at-
tracted the attention of many mathematicians, especially Rota, whose fundamental papers around
1970 brought the subject into the areas of algebra and combinatorics. In [1], a connection with
mathematical physics was also established that related a Rota-Baxter algebra of weight 0 to the
associative analog of classical Yang-Baxter equation.
To study the representations of Rota-Baxter algebras, the authors in [7] introduced the con-
ception of Rota-Baxter modules related to the ring of Rota-Baxter operators. By the definition,
a Rota-Baxter module over a Rota-Baxter algebra (A,P ) is a pair (M,T ) where M is a (left)
A-module and T :M →M a k-linear operator such that
P (a) · T (m) = T (P (a) ·m) + T (a · T (m)) + λT (a ·m), for all a ∈ A,m ∈M.
∗This work is supported by Natural Science Foundation (11571173).
∗∗Corresponding author: zlyun@njau.edu.cn
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Later, Rota-Baxter paired modules were introduced in [14], without requiring (A,P ) to be a
Rota-Baxter algebra, which is a natural generalization of Rota-Baxter modules. Many properties
of Rota-Baxter modules, even of Rota-Baxter algebras, are naturally generalized to Rota-Baxter
paired modules. Rota-Baxter paired module has broader connections and applications, especially
to Hopf algebras. We have constructed a large number of Rota-Baxter paired modules from Hopf
algebra related structures in [14].
Representation theory of coalgebras and comodules is a very extensive subject. On the basis
of the comodule theory, we can naturally consider Rota-Baxter operators on comodules. In this
paper, we naturally introduce the conception of Rota-Baxter paired comodules, which is dual
to Rota-Baxter paired modules, and give some properties of Rota-Baxter paired comodules. In
addition, we also give its construction from Hopf algebra related coalgebras and comodules.
A Hopf module on a bialgebra H is also an H-module and an H-comodule, whose action and
coaction satisfy a compatibility condition.
As is well known, the structure theorem on Hopf modules is concerned by many experts and
scholars. Especially, this structure theorem can describe the integrals of Hopf algebras. Combining
Rota-Baxter paired modules and Rota-Baxter paired comodules, we can naturally introduce the
conception of Rota-Baxter paired Hopf modules, and study Rota-Baxter operator on it, and prove
its structure theorem.
This article is organized as follows. In Section 2, we recall the definition of Rota-Baxter coal-
gebras, and then give the notion of Rota-Baxter paired comodules, which is dual to Rota-Baxter
paired modules in [14]. Moreover, we provide a large number of examples of Rota-Baxter paired
comodules. In Section 3, we discuss some properties of Rota-Baxter paired comodules, especially
we give the characterization of generic Rota-Baxter paired comodules (see Theorem 3.1), which
has an important application for the construction of Rota-Baxter comodules. In Section 4, we con-
struct Rota-Baxter paired comodules on Hopf algebras, weak Hopf algebras, weak Hopf modules,
dimodules, relative Hopf modules and Rota-Baxter paired comodules, respectively. Especially,
we find some Rota-Baxter coalgebras and Rota-Baxter paired comodules by applying (co)integral
in bialgebra, antipode and idempotent element in (weak) Hopf algebras and R-matrix in quasi-
triangular Hopf algebra. In Section 5, we construct pre-Lie comodules from Rota-Baxter paired
comodules. In Section 6, we introduce the conception of Rota-Baxter paired Hopf modules by
combining Rota-Baxter paired module with Rota-Baxter paired comodule, and give the structure
theorem of generic Rota-Baxter Hopf modules.
Throughout this paper, let k be a fixed field. Unless otherwise specified, linearity, modules and
⊗ are all meant over k. And we freely use the Hopf algebras terminology introduced in [12]. For a
coalgebra C, we write its comultiplication ∆(c) with c1 ⊗ c2, for any c ∈ C; for a left C-comodule
M , we denote its coaction by ρ(m) = m(−1) ⊗m(0), for any m ∈ M ; for a right C-comodule M ,
we denote its coaction by ρ(m) = m(0) ⊗m(1), for any m ∈ M , in which we omit the summation
symbols for convenience.
§2 Rota-Baxter coalgebras and Rota-Baxter paired comodules
In this section, we firstly recall the definition of Rota-Baxter coalgebras, and then give the notion
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of Rota-Baxter paired comodules, which is dual to the definition of Rota-Baxter paired modules
in [14]. Moreover, we provide a large number of examples of Rota-Baxter paired comodules.
2.1 Rota-Baxter coalgebras
Definition 2.1 Let (C,∆, ε) be a coalgebra. We call (C,P ) a Rota-Baxter coalgebra of
weight λ [8], if the linear map P : C → C satisfies the following
(P ⊗ P )∆ = (P ⊗ id)∆P + (id⊗ P )∆P + λ∆P,
where λ ∈ k and id denotes the identical map.
We refer the reader to [8] for further discussions on Rota-Baxter coalgebra and only give the
following simple examples of Rota-Baxter coalgebras which will be revisited later.
Example 2.2 (a) Let C be an augmented coalgebra, that is, there exists a coalgebra homo-
morphism f : k → C. Then, it is easy to see that f(1k) is a group-like element in C. So, (C,P ) is
a Rota-Baxter coalgebra of weight −1.
Here P is given by
P : C → C, c 7→ ε(c)f(1k).
Furthermore, if C is a bialgebra with the unit µ, then, C is an augmented coalgebra since
µ : k → C is a coalgebra map. So, (C,P ) is a Rota-Baxter coalgebra of weight −1 , where
P : C → C, c 7→ ε(c)1C .
(b) Let C be a coalgebra and λ ∈ C∗ (the linear dual space of C). Define
P : C → C, c 7→ λ(c1)c2.
Then, (C,P ) is a Rota-Baxter coalgebra of weight −1 if and only if λ2 = λ, that is, λ(c1)λ(c2) =
λ(c) for all c ∈ C.
2.2 Rota-Baxter paired comodules
Definition 2.3 Let (C,∆, ε) be a coalgebra, andM a left C-comodule with coaction ρ. A pair
(P, T ) of linear maps P : C → C and T :M →M is called a Rota-Baxter paired operator of
weight λ on M if
(P ⊗ T )ρ = (P ⊗ id)ρT + (id⊗ T )ρT + λρT.
We also call the triple (M,P, T ) a Rota-Baxter paired (left) C-comodule of weight λ.
Given a linear map T :M →M , if (M,P, T ) is a Rota-Baxter paired C-comodule of weight λ for
every linear map P : C → C, then (M,T ) is called a generic Rota-Baxter paired C-comodule
of weight λ.
Example 2.4 (1) Let C be a coalgebra, regarded also as a left C-comodule via its comultipli-
cation ∆. If (C,P ) is a Rota-Baxter coalgebra of weight λ, then (C,P, P ) is a Rota-Baxter paired
C-comodule of weight λ.
In particular, if C is a bialgebra with the unit µ, then, by Example 2.2, (C,P, P ) is a Rota-
Baxter paired C-comodule of weight λ, where P : C → C, c 7→ ε(c)1C .
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(2) Let (M,P, T ) be a Rota-Baxter paired C-comodule of weight λ. Then, for any µ ∈ k,
(M,µP, µT ) is a Rota-Baxter paired C-comodule of weight λµ.
(3) Let H be a bialgebra, and (M,P, T ) a Rota-Baxter paired H-comodule of weight λ. If P is
idempotent and a bialgebra homomorphism from H to H , then (H ⊗M,ρ, P, T
′
) is a Rota-Baxter
paired H-comodule of weight λ, where T
′
: H ⊗M → H ⊗M and ρ : H ⊗M → H ⊗H ⊗M are
defined by T
′
(h⊗m) = P (h)⊗ T (m) and ρ(h⊗m) = h1m(−1) ⊗ h2 ⊗m(0), respectively.
In fact, it is easy to prove that (H ⊗M,ρ) is a left H-comodule. Moreover, for any h ∈ H,m ∈
M, we have
P ((h⊗m)(−1))⊗ T
′((h⊗m)(0))
= P (h1m(−1))⊗ P (h2)⊗ T (m(0))
= P (h1)P (m(−1))⊗ P (h2)⊗ T (m(0))
= P (h1)P (T (m)(−1))⊗ P (h2)⊗ T (m)(0) + P (h1)T (m)(−1) ⊗ P (h2)⊗ T (T (m)(0))
+λP (h1)T (m)(−1) ⊗ P (h2)⊗ T (m)(0),
P (T ′(h⊗m)(−1))⊗ T
′(h⊗m)(0) + T
′(h⊗m)(−1) ⊗ T
′(T ′(h⊗m)(0))
+λT ′(h⊗m)(−1) ⊗ T
′(h⊗m)(0)
= P (P (h)1T (m)(−1))⊗ P (h)2 ⊗ T (m)(0) + P (h)1T (m)(−1) ⊗ P (P (h)2)⊗ T (T (m)(0))
+λP (h)1T (m)(−1) ⊗ P (h)2 ⊗ T (m)(0)
= P (P (h)1)P (T (m)(−1))⊗ P (h)2 ⊗ T (m)(0) + P (h)1T (m)(−1) ⊗ P (P (h)2)⊗ T (T (m)(0))
+λP (h)1T (m)(−1) ⊗ P (h)2 ⊗ T (m)(0)
= P (h1)P (T (m)(−1))⊗ P (h2)⊗ T (m)(0) + P (h1)T (m)(−1) ⊗ P (h2)⊗ T (T (m)(0))
+λP (h1)T (m)(−1) ⊗ P (h2)⊗ T (m)(0),
so, by Definition 2.3, we know that (H⊗M,ρ, P, T
′
) is a Rota-Baxter paired H-comodule of weight
λ.
(4) Let M be a left C-comodule with the coaction ρ, and V a vector space. Then, M ⊗V has a
left C-comodule structure, whose comodule structure map is given by ρ⊗ id. So, if (M,P, T ) is a
Rota-Baxter paired C-comodule of weight λ, we easily see that (M ⊗V, P, T ⊗ id) is a Rota-Baxter
paired C-comodule of weight λ.
In particular, if (C,P ) is a Rota-Baxter coalgebra of weight λ, then (C ⊗ V, P, P ⊗ id) is a
Rota-Baxter paired C-comodule of weight λ.
Furthermore, if (M,T ) is a generic Rota-Baxter paired C-comodule of weight λ, (M⊗V, T ⊗id)
is also a generic Rota-Baxter paired C-comodule of weight λ.
(5) Let M be a left C-comodule, and T an idempotent epimorphism in End(M). Then,
(M, id, T ) is a Rota-Baxter paired C-comodule of weight −1.
In fact, for any m ∈M, we have
((id⊗ id)ρT 2 + (id⊗ T )ρT 2 − ρT 2)(m) = ((id⊗ id)ρT + (id⊗ T )ρT − ρT )(m)
= (id⊗ T )ρT (m).
4
Since T is an idempotent epimorphism, we have
(id⊗ T )ρ = (id⊗ id)ρT + (id⊗ T )ρT − ρT.
Hence, (M, id, T ) is a Rota-Baxter paired C-comodule of weight −1.
A Rota-Baxter paired C-subcomodule N of a Rota-Baxter paired C-comodule (M,P, T ) is a
C-subcomodule of M such that T (N) ⊆ N . A Rota-Baxter paired comodule map f : (M,P, T )→
(M ′, P ′, T ′) of the same weight λ is a C-comodule map such that fT = T ′f .
Proposition 2.5 Let f : (M,P, T )→ (M ′, P ′, T ′) be a Rota-Baxter paired comodule map of
weight λ. Then the following conclusions hold.
(a) Kerf is a Rota-Baxter paired C-subcomodule of M .
(b) If K is a Rota-Baxter paired C-subcomodule of M , then f(K) is a Rota-Baxter paired
C-subcomodule of M ′.
In particular, if T is C-colinear, then T (M) is a Rota-Baxter paired C-subcomodule of M .
(c) If L is a Rota-Baxter paired C-subcomodule of M ′, then f−1(L) is a Rota-Baxter paired
C-subcomodule of M .
Proof. (a) Since f is a C-comodule map, Kerf is a C-subcomodule of M ′. In addition, for
any x ∈Kerf , fT (x) = T ′f(x) = 0, so T (Kerf) ⊆Kerf . Hence Kerf is a Rota-Baxter paired
C-subcomodule of M .
(b) It is obvious that f(K) is a subcomodule ofM ′, so, we have only to verify that T ′(f(K)) ⊆
f(K). Since T (K) ⊆ K, and fT = T ′f , we have T ′f(K) = fT (K) ⊆ f(K).
(c) We consider the composition pif of comodule maps pi and f , where pi : N → N/L is a
projection. By (a), we know that Kerf is a C-subcomodule of M , so, Ker(pif) = f−1(L) and a
subcomodule of M . In addition, we have fT (f−1(L)) = T ′f(f−1(L)) = T ′(L) ⊆ L. So, we can
get T (f−1(L)) ⊆ f−1(L). 
§3 Some properties of Rota-Baxter paired comodules
In this section, we will discuss some properties of Rota-Baxter paired comodules.
Recall that a linear operator T : M → M is called quasi-idempotent [14] of weight λ if T 2 =
−λT . We have the following characterization of generic Rota-Baxter paired comodules, which has
important application for the construction of Rota-Baxter comodules.
Theorem 3.1 Let C be a coalgebra, and M a left C-comodule. If there exists a colinear map
T :M →M , then the following are equivalent.
(1) (M,T ) is a generic Rota-Baxter paired C-comodule of weight λ.
(2) There is a linear operator P : C → C such that (M,P, T ) is a Rota-Baxter paired C-
comodule of weight λ.
(3) T is quasi-idempotent of weight λ.
Proof. Under the C-colinearity condition of T , for any linear operator P : A→ A and m ∈M ,
we have
P (m(−1))⊗T (m(0)) = P (T (m)(−1))⊗T (m)(0)+T (m)(−1)⊗T (T (m)(0))+λT (m)(−1)⊗T (m)(0)
⇐⇒ P (m(−1))⊗ T (m(0)) = P (m(−1))⊗ T (m(0)) +m(−1) ⊗ T
2(m(0)) + λm(−1) ⊗ T (m(0))
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⇐⇒ 0 = m(−1) ⊗ T
2(m(0)) + λm(−1) ⊗ T (m(0)).
If (1) holds, applying ε⊗ id to both sides of the above equation, we get T 2 = −λT . Conversely,
if T 2 = −λT , it is obvious that (1) holds.
In a similar way, we can prove that (2)⇐⇒ (3). 
Proposition 3.2 Let M be a left C-comodule. Then, there exists a left C-comodule map
T : M → M such that (M,T ) is a generic Rota-Baxter C-comodule of weight −1, if and only if
there is a C-comodule direct sum decomposition M = M1 ⊕M2 such that T : M → M1 ⊆ M is
the project of M onto M1: T (m1 +m2) = m1 for m1 ∈M1 and m2 ∈M2.
Proof. Suppose M has a direct sum decomposition M =M1⊕M2 of C-comodules, where M1
and M2 are subcomodule of M . Then the projection T of M onto M1 is idempotent, since, for
m = m1 +m2 ∈ M with m1 ∈ M1 and m2 ∈ M2, we have T
2(m) = T 2(m1 +m2) = T (m1) =
m1 = T (m).
Furthermore, we have
(id⊗ T )ρ(m) = (id⊗ T )ρ(m1 +m2)
= m1(−1) ⊗ T (m1(0) + 0) +m2(−1) ⊗ T (0 +m2(0))
= m1(−1) ⊗m1(0) = ρ(m1)
= ρT (m),
so, T is a left C-comodule map. Again by Theorem 3.1, we know (M,T ) is a generic Rota-Baxter
paired C-comodule of weight −1.
Conversely, if (M,T ) is a generic Rota-Baxter paired C-comodule of weight −1 and T a left
C-comodule map, then by Theorem 3.1, we know T is idempotent.
Let M1 = T (M) and M2 = (id − T )(M). Because T is a left C-comodule map, both M1 and
M2 are subcomodule of M . Also, for any m ∈ M , m = T (m) + (id − T )(m), so M = M1 +M2.
Furthermore, if n ∈M1 ∩M2, then n = T (x) = (id− T )(y), for some x, y ∈M . Thus n = T (x) =
T 2(x) = T (id− T )(y) = (T − T 2)(y) = 0. Therefore M =M1 ⊕M2.
Finally, since m = T (m) + (id− T )(m) is the decomposition of m ∈ M as m = m1 +m2 with
m1 ∈M1 and m2 ∈M2, we see that T is the projection of M onto M1. 
Proposition 3.3 Let M be a C-comodule and P : C → C, T : M → M linear maps. Then
(M,P, T ) is a Rota-Baxter paired C-comodule of weight λ 6= 0 if and only if there is a map
f :M → C ⊗M such that
(P ⊗ T )ρ = fT, (P ⊗ T )ρ = −fT ,
where P = −P − λid and T = −T − λid.
Proof. Let (M,P, T ) be a Rota-Baxter paired C-comodule of weight λ. Then, we have
(P ⊗ T )ρ = (P ⊗ id)ρT + (id⊗ T )ρT + λρT.
Let f = (P ⊗ id)ρ+ (id⊗ T )ρ+ λρ. Then the above equation gives
(P ⊗ T )ρ = fT,
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so, we obtain
(P ⊗ T )ρ = −fT .
Now we consider the converse. Suppose that there exists a map f : M → C ⊗M such that
(P ⊗ T )ρ = fT and (P ⊗ T )ρ = −fT . Then we have
−λf = fT + fT = (P ⊗ T )ρ− (P ⊗ T )ρ
= (P ⊗ T )ρ− ((−λid− P )⊗ (−λid− T ))ρ
= (P ⊗ T )ρ− (λ2id⊗ id+ λid⊗ T + λP ⊗ id+ P ⊗ T )ρ
= −λ(λid⊗ id+ id⊗ T + P ⊗ id)ρ.
So, we get
f = (P ⊗ id)ρ+ (id⊗ T )ρ+ λρ.
Furthermore, (P ⊗ T )ρ = ((P ⊗ id)ρ + (id ⊗ T )ρ + λρ)T . Hence (M,P, T ) is a Rota-Baxter
paired C-comodule of weight λ 6= 0. 
By the above definition of T and P in Proposition 3.3, there are also the following relationships.
Proposition 3.4 Let (M,P, T, ρ) be a Rota-Baxter paired C-comodule of weight λ. Then we
have
P (m(−1))⊗ T (m(0)) = T (m)(−1) ⊗ T (T (m)(0)) + P (T (m)(−1))⊗ T (m)(0),
P (m(−1))⊗ T (m(0)) = P (T (m)(−1))⊗ T (m)(0) + T (m)(−1) ⊗ T (T (m)(0))
for any m ∈M .
Proof. By using the compatible condition of Rota-Baxter paired comodules, we can directly
verify that the equation holds. 
The following result shows that how close it is for an idempotent Rota-Baxter operator of
comodule to have weight −1.
Proposition 3.5 Let (M,P, T ) be a Rota-Baxter paired C-comodule of weight λ.
(a) If T is idempotent, then (1 + λ)T (m)(−1) ⊗ T (T (m)(0)) = 0, for any m ∈M .
(b) If P and T are idempotent, then (1 + λ)P (T (m)(−1))⊗ T (m)(0) = 0, for any m ∈M .
(c) If P and T are idempotent, then (1+λ)(P (T (m)(−1))⊗T (m)(0)−λT (m)(−1)⊗T (m)(0)) = 0,
for any m ∈M .
Thus an idempotent Rota-Baxter operator of comodule must have weight −1.
Proof. (a) Since T 2 = T , for any m ∈M we obtain
P (m(−1))⊗ T (m(0)) = P (m(−1))⊗ T (T (m(0)))
= P (T (m)(−1))⊗ T (T (m)(0)) + T (m)(−1) ⊗ T
2(T (m)(0)) + λT (m)(−1) ⊗ T (T (m)(0))
= P (T (m)(−1))⊗ T (T (m)(0)) + T (m)(−1) ⊗ T (T (m)(0)) + λT (m)(−1) ⊗ T (T (m)(0)),
that is, (P ⊗ T )ρ = (P ⊗ T )ρT + (id⊗ T )ρT + λ(id⊗ T )ρT .
Applying T 2 = T to the above equality, we have (P⊗T )ρT = (P⊗T )ρ. Thus (1+λ)T (m)(−1)⊗
T (T (m)(0)) = 0 for any m ∈M .
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(b) Since P 2 = P , for any m ∈M we obtain
P (m(−1))⊗ T (m(0)) = P (P (m(−1)))⊗ T (m(0))
= P 2(T (m)(−1))⊗ T (m)(0) + P (T (m)(−1))⊗ T (T (m)(0)) + λP (T (m)(−1))⊗ T (m)(0)
= P (T (m)(−1))⊗ T (m)(0) + P (T (m)(−1))⊗ T (T (m)(0)) + λP (T (m)(−1))⊗ T (m)(0),
that is, (P ⊗ T )ρ = (P ⊗ id)ρT + (P ⊗ T )ρT + λ(P ⊗ id)ρT .
Applying T 2 = T to the above equality, we have (P ⊗ T )ρT = (P ⊗ T )ρ. Thus (1 +
λ)P (T (m)(−1))⊗ T (m)(0) = 0 for any m ∈M .
(c) By (a) and (b), we can prove that (c) holds. 
§4 Constructios of Rota-Baxter paired comodule
In this section, we construct Rota-Baxter paired comodule by deformation, direct sum, Hopf
algebra, Rota-Baxter paired module, Hopf module, co-Hopf module, dimodule.
Firstly, we construct Rota-Baxter paired comodule by deformation.
4.1 The construction on Hopf algebras
Proposition 4.1 Let C be a coalgebra, andM a left C-comodule. Define two maps T :M →M
and P : C → C by T (m) = χ(m(−1))m(0) and P (c) = χ(c1)c2, for any m ∈M, c ∈ C, respectively.
Then, (M,P, T ) is a Rota-Baxter paired C-comodule of weight −1 if χ ∈ C∗ is idempotent under
the convolution product.
Proof. For any m ∈M , we have
P (m(−1))⊗ T (m(0)) = χ(m(−1)1)m(−1)2 ⊗ χ(m(0)(−1))m(0)(0)
= χ(m(−1)1)m(−1)2 ⊗ χ(m(−1)3)m(0).
Moreover, for anym ∈M , ρ(T (m)) = ρ(χ(m−1)m0) = χ(m−1)m(0)(−1)⊗m(0)(0) = χ(m(−1)1)m(−1)2⊗
m(0), so, we obtain that
P (T (m)(−1))⊗ T (m)(0) + T (m)(−1) ⊗ T (T (m)(0))− T (m)(−1) ⊗ T (m)(0)
= χ(m(−1)1)P (m(−1)2)⊗m(0) + χ(m(−1)1)m(−1)2 ⊗ T (m(0))− χ(m(−1)1)m(−1)2 ⊗m(0)
= χ(m(−1)1)χ(m(−1)2)m(−1)3 ⊗m(0) + χ(m(−1)1)m(−1)2 ⊗ χ(m(0)(−1))m(0)(0) − χ(m(−1)1)m(−1)2 ⊗m(0)
= χ(m(−1)1)χ(m(−1)2)m(−1)3 ⊗m(0) + χ(m(−1)1)m(−1)2 ⊗ χ(m(−1)3)m(0) − χ(m(−1)1)m(−1)2 ⊗m(0)
= χ2(m(−1)1)m(−1)2 ⊗m(0) + χ(m(−1)1)m(−1)2 ⊗ χ(m(−1)3)m(0) − χ(m(−1)1)m(−1)2 ⊗m(0)
= χ(m(−1)1)m(−1)2 ⊗m(0) + χ(m(−1)1)m(−1)2 ⊗ χ(m(−1)3)m(0) − χ(m(−1)1)m(−1)2 ⊗m(0)
= χ(m(−1)1)m(−1)2 ⊗ χ(m(−1)3)m(0).
Hence P (m(−1))⊗ T (m(0)) = P (T (m)(−1))⊗ T (m)(0) + T (m)(−1) ⊗ T (T (m)(0))− T (m)(−1) ⊗
T (m)(0), (M,P, T ) is a Rota-Baxter paired H-comodule of weight −1. 
Let H be a bialgebra. If there exists λ ∈ H∗, such that fλ = εH∗(f)λ for any f ∈ H
∗, then
we call λ a left cointegral of H∗. Furthermore, if εH∗(λ) = 1, we call H a cosemisimple bialgebra,
and easily see λ2 = λ, that is, λ is idempotent.
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So, by the above proposition, we have
Corollary 4.2 Let H be a cosemisimple bialgebra with cointegral λ, andM a left H-comodule.
Define two maps T : M → M and P : H → H by T (m) = λ(m(−1))m(0) and P (h) = λ(h1)h2, for
any m ∈ M,h ∈ H , respectively. Then, (M,P, T ) is a Rota-Baxter paired H-comodule of weight
−1.
In particular, (H,P ) is a Rota-Baxter coalgbra of weight −1 (or by Example 2.2).
4.2 The construction on weak Hopf algebras
Definition 4.3 Let H be both an algebra and a coalgebra. Then H is called a weak bialgebra
in [4] if it satisfies the following conditions:
(1) ∆(xy) = ∆(x)∆(y), for all x, y ∈ H ,
(2) ε(xyz) = ε(xy1)ε(y2z) = ε(xy2)ε(y1z), for any x, y, z ∈ H ,
(3) ∆2(1H) = (∆(1H)⊗ 1H)(1H ⊗∆(1H)) = 11 ⊗ 121
′
1 ⊗ 1
′
2
= (1H ⊗∆(1H))(∆(1H)⊗ 1H) = 11 ⊗ 1
′
112 ⊗ 1
′
2,
where ∆(1H) = 11 ⊗ 12 = 1
′
1 ⊗ 1
′
2 and ∆
2 = (∆⊗ idH) ◦∆.
Moreover, if there exists a linear map S : H → H , called antipode, satisfying the following
axioms for all h ∈ H :
h1S(h2) = ε(11h)12, S(h1)h2 = ε(h12)11, S(h1)h2S(h3) = S(h),
then the weak bialgebra H is called a weak Hopf algebra.
For any weak bialgebra H , defines the maps ⊓L,⊓R : H → H by the formulas
⊓L(h) = ε(11h)12, ⊓
R(h) = ε(h12)11.
Denote by HL the image ⊓L and by HR the image ⊓R, where HL and HR are respectively
called the target algebra and the source algebra of the weak bialgebra H .
By [4], if H is a weak Hopf algebra with antipode S, we have the following conclusions:
(W1) ⊓L ◦ ⊓L = ⊓L, ⊓R ◦ ⊓R = ⊓R;
(W2) ⊓L(h1)⊗ h2 = S(11)⊗ 12h, h1 ⊗ ⊓
R(h2) = h11 ⊗ S(12), for any h ∈ H ;
(W2′) ⊓L(11)⊗ 12 = S(11)⊗ 12, 11 ⊗ ⊓
R(12) = 11 ⊗ S(12);
(W3) ⊓L(⊓L(h)g) = ⊓L(h) ⊓L (g), ⊓R(h ⊓R (g)) = ⊓R(h) ⊓R (g), for any h, g ∈ H.
Note that ⊓L(11)⊗12 and 11⊗⊓
R(12) are separable idempotents of H
L and HR by Proposition
2.11 in [4], respectively. So, by (W2), we have
(W4) h ⊓L (11)⊗ 12 = ⊓
L(11)⊗ 12h, h11 ⊗ ⊓
R(12) = 11 ⊗ ⊓
R(12)h, for any h ∈ H .
Again according to [10], we have the following conclusions, that is, for any x ∈ HL, y ∈ HR:
(W5) ∆(1) = 11 ⊗ 12 ∈ H
R ⊗HL, xy = yx;
(W6) ∆(x) = 11x⊗ 12, ∆(y) = 11 ⊗ y12;
(W7) xS(11)⊗ 12 = S(11)⊗ 12x, y11 ⊗ S(12) = 11 ⊗ S(12)y.
Again by (W5) and (W6), we have
(W8) ∆(xy) = 11x⊗ 12y ∈ H
LHR ⊗HLHR, for any x ∈ HL, y ∈ HR.
According to (W8), we know that HLHR is a subcoalgebra of H .
9
Proposition 4.4 Let H be a weak Hopf algebra with antipode S. Then (HLHR,⊓L,⊓L) is
a Rota-Baxter paired H-comodule of weight −1, whose comodule structure map is given by the
comultiplication ∆ of H .
In particular, (HLHR,⊓L) is a Rota-Baxter coalgebra of weight −1.
Proof. By (W8), HLHR is a left H-comodule via the comultiplication ∆ of H . Moreover, for
any x ∈ HL, y ∈ HR, we have
(⊓L ⊗ ⊓L)∆(xy)
(W8)
= (⊓L ⊗ ⊓L)(11x⊗ 12y)
= ⊓L(11x)⊗ ⊓
L(12y)
(W1)
= ⊓L(x11)⊗ ⊓
L(12y)
(W3)
= x ⊓L (11)⊗ 12 ⊓
L (y)
(W4)
= x ⊓L (y) ⊓L (11)⊗ 12,
(⊓L ⊗ id)∆ ⊓L (xy) = (⊓L ⊗ id)∆(x ⊓L (y))
= (⊓L ⊗ id)(x1 ⊓
L (y)1 ⊗ x2 ⊓
L (y)2)
(W6)
= (⊓L ⊗ id)(11x11′ ⊓
L (y)⊗ 1212′)
= (⊓L ⊗ id)(1111′x ⊓
L (y)⊗ 1212′)
= (⊓L ⊗ id)(11x ⊓
L (y)⊗ 12)
= ⊓L(11x ⊓
L (y))⊗ 12
(W3)
= x ⊓L (y) ⊓L (11)⊗ 12,
(id⊗ ⊓L)∆ ⊓L (xy) = (id⊗ ⊓L)∆(x ⊓L (y))
= (id⊗ ⊓L)(11x ⊓
L (y)⊗ 12)
= 11x ⊓
L (y)⊗ ⊓L(12)
(W1)
= 11x ⊓
L (y)⊗ 12
= ∆ ⊓L (xy).
Hence, we get that
(⊓L ⊗ id)∆ ⊓L (xy) + (id⊗ ⊓L)∆ ⊓L (xy)−∆ ⊓L (xy) = (id⊗ ⊓L)∆ ⊓L (xy),
that is, (HLHR,⊓L,⊓L) is a Rota-Baxter paired H-comodule of weight −1. 
In a similar way in Proposition 4.4, we have
Remark 4.5 Let H be a weak Hopf algebra with antipode S. Then the following hold.
(1) (HLHR,⊓R,⊓R) is a Rota-Baxter paired H-comodule of weight −1, and so (HLHR,⊓R)
is a Rota-Baxter coalgebra of weight −1;
(2) (H,⊓L,⊓L) is a Rota-Baxter paired H-comodule of weight −1, and so (H,⊓L) is a Rota-
Baxter coalgebras of weight −1;
(3) (H,⊓R,⊓R) is a Rota-Baxter paired H-comodule of weight −1, and so (H,⊓R) is a Rota-
Baxter coalgebra of weight −1.
4.3 The construction on weak Hopf modules
In this subsection, we always assume that H is a weak Hopf algebra with antipose S. Then, S
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is both an antimultiplication map and an anticomultiplication map, that is, for any h, g ∈ H ,
S(hg) = S(g)S(h), S(1) = 1, ∆S(h) = S(h2)⊗ S(h1), εS(h) = ε(h),
and we have
(W9) h1 ⊗ ⊓
L(h2) = 11h⊗ 12, ⊓
R(h1)⊗ h2 = 11 ⊗ h12 for any h ∈ H .
Definition 4.6 Suppose that H is a weak Hopf algebra with antipode S. A weak right H-
Hopf module is a triple (M, ·, ρ), where (M, ·) is a rightH-module and (M,ρ) a rightH-comodule,
such that
ρ(m · h) = m[0] · h1 ⊗m[1]h2
for any m ∈M,h ∈ H .
Define a map T :M →M given by
T (m) = m[0] · S(m([1]) for any m ∈M
Then, according to Proposition 3.8 in [14], T is idempotent. Moreover, we have
(W10) ρT (m) = T (m) · 11 ⊗ 12, for any m ∈M .
In fact, for any m ∈M , we have
ρT (m) = m[0][0] · S(m[1])1 ⊗m[0][1]S(m[1])2
= m[0] · S(m[1]2)1 ⊗m[1]1S(m[1]2)2
= m[0] · S(m[1]3)⊗m([1]1S(m[1]2)
= m[0] · S(m[1]2)⊗ ⊓
L(m[1]1)
(W2)
= m[0] · S(12m[1])⊗ S(11)
= m[0] · S(m[1])S(12)⊗ S(11)
= T (m) · S(12)⊗ S(11)
= T (m) · 11 ⊗ 12.
A weak Hopf algebra H is called a quantum commutative if h1g ⊓
R (h2) = hg for any
h, g ∈ H . Then, by Proposition 4.1 in [3], H is quantum commutative if and only if HR ⊆ Z(H)
(the center of H).
Proposition 4.7 Let H be a quantum commutative weak Hopf algebra, and M a weak right
H-Hopf module. Then (M,⊓L, T ) is a Rota-Baxter paired H-comodule of weight −1.
Proof. According to (W9), for any m ∈M , we have
(T ⊗ ⊓L)ρ(m) = T (m[0])⊗ ⊓
L(m[1])
= m[0][0] · S(m[0][1])⊗ ⊓
L(m[1]2)
= m[0] · S(m[1]1)⊗ ⊓
L(m[1]2)
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(W9)
= m[0] · S(11m[1])⊗ 12
= m[0] · S(m[1])S(11)⊗ 12
= T (m) · S(11)⊗ 12,
(id⊗ ⊓L)ρT (m)
(W10)
= T (m) · 11 ⊗ ⊓
L(12)
(W5)
= T (m) · 11 ⊗ 12
= ρT (m),
(T ⊗ id)ρT (m) = T (T (m) · 11)⊗ 12
= T (m)[0] · 11S(T (m)[1]12)⊗ 13
= T (m)[0] · 11S(12)S(T (m)[1])⊗ 13
= T (m)[0] · ⊓
L(11)S(T (m)[1])⊗ 12
(W2′)
= T (m)[0] · S(11)S(T (m)[1])⊗ 12
= T (m)[0] · S(T (m)[1]11)⊗ 12
= T (m)[0] · S(11T (m)[1])⊗ 12 (H
R ⊆ Z(H))
= T (m)[0] · S(T (m)[1])S(11)⊗ 12
= T (m) · S(11)⊗ 12,
so, we get that
(T ⊗ ⊓L)ρ(m) = (id⊗ ⊓L)ρT (m) + (T ⊗ id)ρT (m)− ρT (m).
Hence (M,T,⊓L) is a Rota-Baxter paired H-comodule of weight −1.
Remark 4.8 Let H be a weak Hopf algebra. Then H is a weak right H-Hopf module whose
action and coaction are given by its multiplication and comultiplication of H . If H is quantum
commutative, then, by the above proposition and h1S(h2) = ⊓
L(h) for h ∈ H , we know that
(H,⊓L,⊓L) is a Rota-Baxter paired H-comodule of weight −1.
4.4 The construction on dimodules
In this subsection, we construct Rota-Baxter paired comodules on dimodules.
Definition 4.9 Assume that H is a bialgebra. A k-module M which is both a left H-module
and a right H-comodule is called a left, right H-dimodule [6] if for any h ∈ H,m ∈ M , the
following equality holds:
ρ(h ·m) = h ·m[0] ⊗m[1],
where ρ is the right H-comodule structure map of M .
Proposition 4.10 Let H be a bialgebra with an idempotent element e, and M a left-right
H-dimodule. Define a map T : M → M by T (m) = e ·m. Then (M,T ) is a generic Rota-Baxter
paired H-comodule of weight −1.
Proof. For any m ∈M , we have
T 2(m) = T (e ·m) = e2 ·m = e ·m = T (m),
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that is, T is idempotent. Since M is a left-right H-dimodule, for any m ∈M , we have
(T ⊗ id)ρ(m) = T (m[0])⊗m[1] = e ·m[0] ⊗m[1] = ρ(e ·m) = ρT (m),
that is, T is a comodule map. Thus by Theorem 3.1, we know that (M,T ) is a generic Rota-Baxter
paired H-comodule of weight −1. 
Remark 4.11 (1) Let G be a finite group. Then, H = (kG)∗ =Homk(kG, k) is a Hopf algebra
with dual basis {pg|pg(h) = δgh}. According to [5], pg are orthogonal idempotents, for any g ∈ G.
Thus, by the above proposition, for any left-right H-dimodule M , (M,Tg) are a generic Rota-
Baxter paired H-comodule of weight −1 for every g ∈ G, where Tg(m) = pg ·m for m ∈M .
(2) Let H be a bialgebra. If there is an element x ∈ H such that hx = ε(h)x for any h ∈ H ,
then we call x a left integral of H .
Suppose that H is a finite dimensional semisimple Hopf algebra. Then by [12, Theorem 5.1.8],
there exists a non-zero left integral e such that ε(e) = 1. It is obvious that e2 = e. Hence the
following conclusions hold.
(i) If (H,R) is a quasitriangular Hopf algebra. Then, by Example 3.12 in [14], (H, ρ) is a left,
right H-dimodule, whose action is given by its multiplication and coaction ρ : H → H ⊗H given
by ρ(h) = hRi ⊗Rj . So, by Proposition 4.10, (H,T ) is a generic Rota-Baxter paired H-comodule
of weight −1, where T : H → H is given by T (h) = e · h.
(ii) Let M be a left, right H-dimodule. Define T (m) = e ·m, for m ∈M . Then, by Proposition
4.10, (M,T ) is a generic Rota-Baxter paired H-comodule of weight −1.
Note here T is a left H-module map: for any h ∈ H,m ∈M ,
T (h ·m) = ε(h)e ·m = he ·m = h · T (m).
Again T is idempotent by Proposition 4.10, thus, (M,T ) is a generic Rota-Baxter paired H-
module of weight −1 by Theorem 2.4 in [14]. Hence (M,T ) is a generic Rota-Baxter paired left,
right H-dimodule of weight −1.
In particular, if (H,R) is a quasitriangular Hopf algebra, then, according to the above con-
clusions, we know that (H,T ) is a generic Rota-Baxter paired left, right H-dimodule of weight
−1.
4.5 The construction on relative Hopf modules
In this subsection, we construct Rota-Baxter paired comodules on relative Hopf modules.
Definition 4.12 Let H be a bialgebra, and C a right H-module coalgebra. A relative [C,H ]-
Hopf module in [13] M is a right C-comodule which is also a right H-module such that the
following compatible condition holds: for all m ∈M and h ∈ H ,
ρ(m · h) = m[0] · h1 ⊗m[1] · h2.
Proposition 4.13 Let H be a Hopf algebra with an antipode S, andM a relative [C,H ]-Hopf
module. If there is a right H-module coalgebra map φ : C → H , we define EC : C → C and
EM :M →M given by
EC(c) = c1 · Sφ(c2),
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EM (m) = m[0] · Sφ(m[1]),
for any c ∈ C,m ∈M , then, (M,EC , EM ) is a Rota-Baxter paired right C-comodule of weight −1.
Here H is a right H-module coalgebra whose action is given by its multiplication of H .
Proof. By the definition of Rota-Baxter paired comodule, we only need to prove that
(EM ⊗ EC)ρ(m) = (id⊗ EC)ρEM + (EM ⊗ id)ρEM − ρEM ,
for any m ∈M .
In fact, firstly, for any m ∈M, c ∈ C, we have
ρEM (m) = m[0][0] · (Sφ(m[1]))1 ⊗m[0][1] · (Sφ(m[1]))2
= m[0] · (Sφ(m[1]2))1 ⊗m[1]1 · (Sφ(m[1]2))2
= m[0] · Sφ(m[1]3)⊗m[1]1 · Sφ(m[1]2)
= m[0] · Sφ(m[1]2)⊗ EC(m[1]1),
E2C(c) = EC(c1 · Sφ(c2))
= (c1 · Sφ(c2))1 · Sφ((c1 · Sφ(c2))2)
= c1 · (Sφ(c4)Sφ(c2 · Sφ(c3)))
= c1 · (Sφ(c4)S(Sφ(c3))Sφ(c2))
= c1 · S(φ(c2)Sφ(c3)φ(c4))
= c1 · Sφ(c2) = EC(c).
By the above equation, we get
(id⊗ EC)ρEM (m) + (EM ⊗ id)ρEM (m)− ρEM (m)
= (id⊗ EC)(m[0] · Sφ(m[1]2)⊗ EC(m[1]1)) + (EM ⊗ id)(m[0] · Sφ(m[1]2)⊗ EC(m[1]1))
−m[0] · Sφ(m[1]2)⊗ EC(m[1]1)
= m[0] · Sφ(m[1]2)⊗ E
2
C(m[1]1) + EM (m[0] · Sφ(m[1]2))⊗ EC(m[1]1)
−m[0] · Sφ(m[1]2)⊗ EC(m[1]1)
= EM (m[0] · Sφ(m[1]2))⊗ EC(m[1]1).
Finally, we prove that EM (m[0] · Sφ(m[1]2))⊗ EC(m[1]1) = (EM ⊗ EC)ρ(m).
EM (m[0] · Sφ(m[1]2))⊗ EC(m[1]1)
= (m[0] · Sφ(m[1]2))[0] · Sφ((m[0] · Sφ(m[1]2))[1])⊗ EC(m[1]1)
= (m[0][0] · (Sφ(m[1]2))1) · Sφ((m[0][1] · (Sφ(m[1]2))2)⊗ EC(m[1]1)
= m[0] · (Sφ(m[1]4)S(Sφ(m[1]3))Sφ(m[1]1))⊗ EC(m[1]2)
= m[0] · (S(Sφ(m[1]3)φ(m[1]4))Sφ(m[1]1))⊗ EC(m[1]2)
= m[0] · Sφ(m[1]1)⊗ EC(m[1]2)
= m[0][0] · Sφ(m[0][1])⊗ EC(m[1])
= EM (m[0])⊗ EC(m[1]).
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Hence (M,EC , EM ) is a Rota-Baxter paired right C-comodule of weight −1. 
Remark 4.14 Let Let H be a Hopf algebra and and M a relative [C,H ]-Hopf module, Then,
it is easy to show that H ⊗M is a relative [C,H ]-Hopf module by
ρ : H ⊗M → H ⊗M ⊗ C, ρ(h⊗m) = h1 ⊗m[0] ⊗m[1] · h2,
· : H ⊗M ⊗H → H ⊗M, (h⊗m) · g = hg ⊗m.
Then, by Proposition 4.13, (H ⊗M,EC , EH⊗M ) is a right Rota-Baxter paired C-comodule of
weight −1 if there exists a right H-module coalgebra map φ : C → H , where
EC(c) = c1 · Sφ(c2),
EH⊗M (h⊗m) = h1Sφ(m[1] · h2)⊗m[0].
4.6 The construction on Rota-Baxter paired comodules
Proposition 4.15 Let (M,P, T ) be a Rota-Baxter paired C-comodule of weight λ. Define
P = −P − λid, T = −T − λid
Then (M,P , T ) is also a Rota-Baxter paired C-comodule of weight λ.
Proof. We have only to verify that
(P ⊗ T )ρ = (P ⊗ id)ρT + (id⊗ T )ρT + λρT .
Actually, for any m ∈M , we have
(P ⊗ T )ρ(m) = (P ⊗ T )(m(−1) ⊗m(0)) = P (m(−1))⊗ T ((m(0)))
= (−P (m(−1))− λm(−1))⊗ (−T (m(0))− λm(0))
= P (m(−1))⊗ T (m(0)) + λP (m(−1))⊗m(0) + λm(−1) ⊗ T (m(0)) + λ
2m(−1) ⊗m(0)
= P (T (m)(−1))⊗ T (m)(0) + T (m)(−1) ⊗ T (T (m)(0)) + λT (m)(−1) ⊗ T (m)(0)
+λP (m(−1))⊗m(0) + λm(−1) ⊗ T (m(0)) + λ
2m(−1) ⊗m(0),
((P ⊗ id)ρT + (id⊗ T )ρT + λρT )(m) = (P ⊗ id+ id⊗ T + λ)ρ(−T (m)− λm)
= −(P ⊗ id)(T (m)(−1) ⊗ T (m)(0))− λ(P ⊗ id)(m(−1) ⊗m(0))
−(id⊗ T )(T (m)(−1) ⊗ T (m)(0))− λ(id⊗ T )(m(−1) ⊗m(0))
−λT (m)(−1) ⊗ T (m)(0) − λ
2m(−1) ⊗m(0)
= −P (T (m)(−1))⊗ T (m)(0) − λP (m(−1))⊗m(0) − T (m)(−1) ⊗ T (T (m)(0))
−λm(−1) ⊗ T (m(0))− λT (m)(−1) ⊗ T (m)(0) − λ
2m(−1) ⊗m(0)
= (P (T (m)(−1)) + λT (m)(−1))⊗ T (m)(0) − λ(−P (m(−1))− λm(−1))⊗m(0)
−T (m)(−1) ⊗ (−T (T (m)(0))− λT (m)(0))− λm(−1) ⊗ (−T (m(0))− λm(0))
−λT (m)(−1) ⊗ T (m)(0) − λ
2m(−1) ⊗m(0)
= P (T (m)(−1))⊗ T (m)(0) + λT (m)(−1) ⊗ T (m)(0) + λP (m(−1))⊗m(0)
+T (m)(−1) ⊗ T (T (m)(0)) + λm(−1) ⊗ T (m(0)) + λ
2m(−1) ⊗m(0)
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as desired. 
Proposition 4.16 Let (C,P ) be a Rota-Baxter coalgebra of weight λ, and (M,P, T ) a Rota-
Baxter paired comodule of weight λ. Define another comultiplication ∆′ on C by
∆′ = (id⊗ P )∆ + (P ⊗ id)∆ + λ∆,
and another operation of M by
ρ′ = (P ⊗ id)ρ+ (id⊗ T )ρ+ λρ.
Then the following conclusion hold.
(a) (C,∆′, P ) is also a (noncounitary) Rota-Baxter coalgebra of weight λ.
(b) ρ′T = (P ⊗ T )ρ.
(c) (M,ρ′) is a noncounitary (C,∆′)-comodule.
(d) (M,P, T ) is a Rota-Baxter paired (C,∆′)-comodule of weight λ, whose comodule structure
map is given by ρ′.
Proof. (a) Since (C,∆, P ) is a Rota-Baxter coalgebra of weight λ, we have
(P ⊗ P )∆ = (P ⊗ id)∆P + (id⊗ P )∆P + λ∆P.
Hence we get ∆′P = (P ⊗ P )∆.
Moreover, for any c ∈ C, we have
(P ⊗ P )∆′(c) = (P ⊗ P )((P ⊗ id)∆ + (id⊗ P )∆ + λ∆)(c)
= (P ⊗ P )(P (c1)⊗ c2 + c1 ⊗ P (c2) + λc1 ⊗ c2)
= P 2(c1)⊗ P (c2) + P (c1)⊗ P
2(c2) + λP (c1)⊗ P (c2)
= (P ⊗ id+ id⊗ P + λ)(P (c1)⊗ P (c2))
= (P ⊗ id+ id⊗ P + λ)(P ⊗ P )∆(c)
= ((P ⊗ id)∆′P + (id⊗ P )∆′P + λ∆′P )(c).
(b) It is direct to check ρ′T = (P ⊗ id)ρT + (id⊗ T )ρT + λρT = (P ⊗ T )ρ.
(c) We only need to prove that (id⊗ ρ′)ρ′ = (∆′ ⊗ id)ρ′: by ∆′P = (P ⊗ P )∆ and (b), for any
m ∈M , we have
(id⊗ ρ′)ρ′(m) = P (m(−1))⊗ ρ
′(m(0)) +m(−1) ⊗ ρ
′(T (m(0))) + λm(−1) ⊗ ρ
′(m(0))
= P (m(−1))⊗ P (m(0)(−1))⊗m(0)(0) + P (m(−1))⊗m(0)(−1) ⊗ T (m(0)(0))
+P (m(−1))⊗ λm(0)(−1) ⊗m(0)(0) +m(−1) ⊗ ρ
′(T (m(0))) + λm(−1) ⊗ P (m(0)(−1))⊗m(0)(0)
+λm(−1) ⊗m(0)(−1) ⊗ T (m(0)(0)) + λm(−1) ⊗ λm(0)(−1) ⊗m(0)(0)
= P (m(−1)1)⊗ P (m(−1)2)⊗m(0) + P (m(−1)1)⊗m(−1)2 ⊗ T (m(0))
+P (m(−1)1)⊗ λm(−1)2 ⊗m(0)
︸ ︷︷ ︸
+m(−1) ⊗ ρ
′(T (m(0)))+λm(−1)1 ⊗ P (m(−1)2)⊗m(0)
︸ ︷︷ ︸
+λm(−1)1 ⊗m(−1)2 ⊗ T (m(0)) + λm(−1)1 ⊗ λm(−1)2 ⊗m(0)
︸ ︷︷ ︸
= P (m(−1)1)⊗ P (m(−1)2)⊗m(0) + P (m(−1)1)⊗m(−1)2 ⊗ T (m(0)) + ∆
′(m(−1))⊗ λm(0)
︸ ︷︷ ︸
+m(−1) ⊗ ρ
′(T (m(0))) + λm(−1)1 ⊗m(−1)2 ⊗ T (m(0))
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= P (m(−1)1)⊗ P (m(−1)2)⊗m(0) + P (m(−1)1)⊗m(−1)2 ⊗ T (m(0)) + ∆
′(m(−1))⊗ λm(0)
+m(−1) ⊗ (P ⊗ T )ρ(m(0))) + λm(−1)1 ⊗m(−1)2 ⊗ T (m(0))
= P (m(−1)1)⊗ P (m(−1)2)⊗m(0)+P (m(−1)1)⊗m(−1)2 ⊗ T (m(0))
︸ ︷︷ ︸
+∆′(m(−1))⊗ λm(0)
+m(−1)1 ⊗ P (m(−1)2)⊗ T (m(0))
︸ ︷︷ ︸
+λm(−1)1 ⊗m(−1)2 ⊗ T (m(0))
︸ ︷︷ ︸
= P (m(−1)1)⊗ P (m(−1)2)⊗m(0) +∆
′(m(−1))⊗ T (m(0))
︸ ︷︷ ︸
+∆′(m(−1))⊗ λm(0)
= ∆′P (m(−1))⊗m(0) +∆
′(m(−1))⊗ T (m(0)) + ∆
′(m(−1))⊗ λm(0)
= (∆′ ⊗ id)((P ⊗ id)ρ(m) + (id⊗ T )ρ(m) + λρ(m))
= (∆′ ⊗ id)ρ′(m).
(d) By (b) and (c), we have only to prove that
(P ⊗ T )ρ′(m) = (P ⊗ T )(P (m(−1))⊗m(0) +m(−1) ⊗ T (m(0)) + λm(−1) ⊗m(0))
= P 2(m(−1))⊗ T (m(0)) + P (m(−1))⊗ T
2(m(0)) + λP (m(−1))⊗ T (m(0))
= (P ⊗ id+ id⊗ T + λ)(P ⊗ T )ρ(m)
= (P ⊗ id+ id⊗ T + λ)ρ′T (m)
= (P ⊗ id)ρ′T (m) + (id⊗ T )ρ′T (m) + λρ′T (m)
for any m ∈M , so, (d) holds. 
By the above propositions, we easily get the following corollary.
Corollary 4.17 Let (M,P, T ) be a Rota-Baxter paired C-comodule of weight λ. Then
(M,P , T ) is also a Rota-Baxter paired (C,∆′)-comodule of weight λ.
Here the coaction ρ′ of M and the comultiplication ∆′ of C are defined in Proposition 4.16,
and P , T are defined in Proposition 4.12.
§5 From Rota-Baxter paired comodules to Pre-Lie comodules
In this section, we mainly construct pre-Lie comodules from Rota-Baxter paired comodules.
Definition 5.1 A pre-Lie coalgebra is (C,∆) consisting of a linear space C, a linear map
∆ : C → C ⊗ C and satisfying
∆C − Φ(12)∆C = 0,
where ∆C = (∆⊗ id)∆− (id⊗∆)∆ and Φ(12)(c1 ⊗ c2 ⊗ c3) = c2 ⊗ c1 ⊗ c3.
Definition 5.2 Let (C,∆) be a pre-Lie coalgebra. A left C-pre-Lie comodule (M,ρ) is a
space M together with a map ρ :M → C ⊗M , such that
ρM − (τ ⊗ id)ρM = 0,
where ρM = (id⊗ ρ)ρ− (∆⊗ id)ρ, and τ(c⊗ d) = d⊗ c, for any c, d ∈ C.
Lemma 5.3 Let (C,Q) be a Rota-Baxter coalgebra of weight −1. Define the operation ∆˜ on
C by
∆˜(c) = Q(c1)⊗ c2 −Q(c2)⊗ c1 − c1 ⊗ c2.
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Then, by [9], C˜ = (C, ∆˜) is a pre-Lie coalgebra.
Proposition 5.4 Let (C,Q) be a Rota-Baxter coalgebra of weight −1, and (M,Q, T ) a Rota-
Baxter paired C-comodule of weight −1. Define a map ρ˜ :M → C ⊗M by
ρ˜(m) = Q(m(−1))⊗m(0) +m(−1) ⊗ T (m(0))−m(−1) ⊗m(0).
Then (M, ρ˜) is a left C˜-pre-Lie comodule, where C˜ is defined as in Lemma 5.3.
Proof. By Lemma 5.3, we know C˜ = (C, ∆˜) is a pre-Lie coalgebra, so, we only need to prove
ρ˜M − (τ ⊗ id)ρ˜M = 0 holds.
As a matter of fact, for any m ∈M , we have
ρ˜M (m) = (id⊗ ρ˜)ρ˜(m)− (∆˜⊗ id)ρ˜(m)
= (id⊗ ρ˜)(Q(m(−1))⊗m(0) +m(−1) ⊗ T (m(0))−m(−1) ⊗m(0))
−(∆˜⊗ id)(Q(m(−1))⊗m(0) +m(−1) ⊗ T (m(0))−m(−1) ⊗m(0))
= Q(m(−1))⊗ ρ˜(m(0)) +m(−1) ⊗ ρ˜(T (m(0)))−m(−1) ⊗ ρ˜(m(0))
−∆˜(Q(m(−1)))⊗m(0) − ∆˜(m(−1))⊗ T (m(0)) + ∆˜(m(−1))⊗m(0)
= Q(m(−1))⊗Q(m(0)(−1))⊗m(0)(0) +Q(m(−1))⊗m(0)(−1) ⊗ T (m(0)(0))
−Q(m(−1))⊗m(0)(−1) ⊗m(0)(0) +m(−1) ⊗Q(T (m(0))(−1))⊗ T (m(0))(0)
+m(−1) ⊗ T (m(0))(−1) ⊗ T (T (m(0))(0))−m(−1) ⊗ T (m(0))(−1) ⊗ T (m(0))(0)
−m(−1) ⊗Q(m(0)(−1))⊗m(0)(0) −m(−1) ⊗m(0)(−1) ⊗ T (m(0)(0))
+m(−1) ⊗m(0)(−1) ⊗m(0)(0) −Q(Q(m(−1))1)⊗Q(m(−1))2 ⊗m(0)
+Q(Q(m(−1))2)⊗Q(m(−1))1 ⊗m(0) +Q(m(−1))1 ⊗Q(m(−1))2 ⊗m(0)
−Q(m(−1)1)⊗m(−1)2 ⊗ T (m(0)) +Q(m(−1)2)⊗m(−1)1 ⊗ T (m(0))
+m(−1)1 ⊗m(−1)2 ⊗ T (m(0)) +Q(m(−1)1)⊗m(−1)2 ⊗m(0)
−Q(m(−1)2)⊗m(−1)1 ⊗m(0) −m(−1)1 ⊗m(−1)2 ⊗m(0)
= Q(m(−1)1)⊗Q(m(−1)2)⊗m(0) +Q(m(−1)1)⊗m(−1)2 ⊗ T (m(0))
−Q(m(−1)1)⊗m(−1)2 ⊗m((0) +m(−1) ⊗Q(T (m(0))(−1))⊗ T (m(0))(0)
+m(−1) ⊗ T (m(0))(−1) ⊗ T (T (m(0))(0))−m(−1) ⊗ T (m(0))(−1) ⊗ T (m(0))(0)
−m(−1) ⊗Q(m(0)(−1))⊗m(0)(0) −m(−1)1 ⊗m(−1)2 ⊗ T (m(0))
+m(−1)1 ⊗m(−1)2 ⊗m(0) −Q(Q(m(−1))1)⊗Q(m(−1))2 ⊗m(0)
+Q(Q(m(−1))2)⊗Q(m(−1))1 ⊗m(0) +Q(m(−1))1 ⊗Q(m(−1))2 ⊗m(0)
−Q(m(−1)1)⊗m(−1)2 ⊗ T (m(0)) +Q(m(−1)2)⊗m(−1)1 ⊗ T (m(0))
+m(−1)1 ⊗m(−1)2 ⊗ T (m(0)) +Q(m(−1)1)⊗m(−1)2 ⊗m(0)
−Q(m(−1)2)⊗m(−1)1 ⊗m(0) −m(−1)1 ⊗m(−1)2 ⊗m(0)
= Q(m(−1)1)⊗Q(m(−1)2)⊗m(0) +m(−1) ⊗Q(T (m(0))(−1))⊗ T (m(0))(0)
+m(−1) ⊗ T (m(0))(−1) ⊗ T (T (m(0))(0))−m(−1) ⊗ T (m(0))(−1) ⊗ T (m(0))(0)
−m(−1) ⊗Q(m(0)(−1))⊗m(0)(0) −Q(Q(m(−1))1)⊗Q(m(−1))2 ⊗m(0)
18
+Q(Q(m(−1))2)⊗Q(m(−1))1 ⊗m(0) +Q(m(−1))1 ⊗Q(m(−1))2 ⊗m(0)
+Q(m(0)(−1))⊗m(−1) ⊗ T (m(0)(0))−Q(m(0)(−1))⊗m(−1) ⊗m(0)(0).
So, by the above equality and (C,Q) being a Rota-Baxter coalgebra of weight −1, we easily
prove that ρ˜M (m) = (τ ⊗ id)ρ˜M (m) for any m ∈M . Hence (M, ρ˜) is a left C˜-pre-Lie comodule. 
Lemma 5.5 Let (C,∆, Q) be a Rota-Baxter coalgebra of weight 0. Define the operation ∆˜ on
C by
∆˜(c) = Q(c1)⊗ c2 −Q(c2)⊗ c1.
Then, by [9], C˜ = (C, ∆˜) is a pre-Lie coalgebra.
According to Lemma 5.5, we can prove the following proposition using a similar way as in
Proposition 5.4.
Proposition 5.6 Let (C,Q) be a Rota-Baxter coalgebra of weight 0, and (M,Q, T ) a Rota-
Baxter paired C-comodule of weight 0. Define a map ρ˜ :M → C ⊗M by
ρ˜(m) = Q(m(−1))⊗m(0) +m(−1) ⊗ T (m(0)),
for any m ∈M . Then (M, ρ˜) is a left C˜-pre-Lie comodule, where C˜ is defined as in Lemma 5.5.
§6 Rota-Baxter paired Hopf module
In this section, we will combine Rota-Baxter paired modules and Rota-Baxter paired comodules,
and introduce the conception of Rota-Baxter pared Hopf modules, and give the structure theorem
of Rota-Baxter pared Hopf modules.
Definition 6.1 Let H be a bialgera, and M a left H-Hopf module. A triple (M,P, T ) is called
a Rota-Baxter paired left H-Hopf module of weight λ, if (M,P, T ) is both a Rota-Baxter
paired left H-module of weight λ, and a Rota-Baxter paired left H-comodule of weight λ.
A Rota-Baxter H-Hopf submodule N of a Rota-Baxter paired H-Hopf-module (M,P, T )
is an H-Hopf submodule of M such that T (N) ⊆ N . Then (N,P, T ) is a Rota-Baxter paired
H-Hopf module.
Let (M,P, T ) and (M ′, P ′, T ′) be Rota-Baxter paired H-Hopf modules of the same weight λ. A
Rota-Baxter H-Hopf module map f : (M,P, T )→ (M ′, P ′, T ′) of weight λ is a Hopf module
map such that f ◦ T = T ′ ◦ f .
Example 6.2 (1) Let H be a bialgebra. Then, H is not only an augmented coalgebra (there
is a coalgebra map µ : k→ H) and an augmented algebra (there is an algebra map ε : H → k).
Define a map P : H → H given by P (h) = ε(h)1H . Then, by Example 2.2, (H,P ) is a
Rota-Baxter coalgebra of weight −1, and a Rota-Baxter algebra of weight −1 by Example 2.1 in
[14]. So, (H,P, P ) is not only a Rota-Baxter paired H-comodule of weight −1, and a Rota-Baxter
paired H-module of weight −1.
It is obvious that H is a right H-Hopf module via its multiplication and its comultiplication.
Hence (H,P, P ) is a Rota-Baxter paired H-Hopf module of weight −1.
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(2) Let H be a bialgebra, and (H,P, P ) a Rota-Baxter bialgebra of weight (λ, λ) given in [9],
that is, (H,P ) is both a Rota-Baxter algebra of weight λ, and (H,P ) a Rota-Baxter coalgebra
of weight λ. Then, (H,P, P ) is both a Rota-Baxter paired H-module of weight λ, whose action
is given by the multiplication of H , and (H,P, P ) a Rota-Baxter paired H-comodule of weight
λ, whose coaction is given by the comultiplication of H . So, (H,P, P ) is a Rota-Baxter paired
H-Hopf module of weight λ.
(3) Let H be a quantum commutative weak Hopf algebra, and M a weak H-Hopf module.
Then, by Remark 3.17 in [14], (M,⊓L, T ) is a Rota-Baxter paired H-module of weight −1, where
T is given in Proposition 4.7.
Again by Proposition 4.7, (M,⊓L, T ) is also a Rota-Baxter paired H-comodule of weight −1.
So, (M,⊓L, T ) is a Rota-Baxter paired H-Hopf module of weight −1.
In particular, (H,⊓L,⊓L) is a Rota-Baxter paired H-Hopf module of weight −1 for every
quantum commutative weak Hopf algebra H .
Combining Theorem 3.1 and Theorem 2.4 in [14], we get the following result.
Proposition 6.3 Let H be a bialgebra, and M a left H-Hopf module. Suppose that there is
a Hopf module map T from M to M . Then the following are equivalent:
(1) (M,T ) is a generic Rota-Baxter paired H-Hopf module of weight λ;
(2) There is a linear operator P : H → H such that (M,P, T ) is a Rota-Baxter paired H-Hopf
module of weight λ;
(3) T is quasi-idempotent of weight λ.
Example 6.4 Let H be a bialgebra, and C a coalgebra. Then H ⊗ C is left H-Hopf module
by h · (g ⊗ c) = hg ⊗ c and ρ(h ⊗ c) = h1 ⊗ h2 ⊗ c, for any h, g ∈ H, c ∈ C. Define a map
T : H ⊗ C → H ⊗ C by T (h ⊗ c) = h ⊗ ε(c)e, where e ∈ C satisfying ε(e) = 1. It isn’t difficult
to prove that T 2 = T and T a Hopf module map, so by Proposition 6.3, (H ⊗ C, T ) is a generic
Rota-Baxter paired H-Hopf module of weight −1.
In what follows, we give the structure theorem of the generic Rota-Baxter paired Hopf module.
Theorem 6.5 Let H be a Hopf algebra, and (M,T ) a generic Rota-Baxter pared H-Hopf
module of weight λ in Proposition 6.3. Then, there is an isomorphism:
(M,T ) ∼= (H ⊗M coH , T ′)
as generic Rota-Baxter left H-Hopf modules of weight λ, where T ′ is defined by
T ′(h⊗m) = h⊗ T (m), h ∈ H,m ∈M coH ,
andM coH = {m ∈M | ρ(m) = 1⊗m}, and H⊗M coH is left H-Hopf module by h·(g⊗m) = hg⊗m
and ρ(h⊗m) = h1 ⊗ h2 ⊗m, for any h, g ∈ H,m ∈M
coH .
Proof. Since T is a left H-comodule map, we easily see that T (m) ∈ M coH , for m ∈ M coH .
Hence T ′ is well defined.
According to [12], it is obvious that H ⊗M coH is a left H-Hopf module.
In what follows, by Proposition 6.3, we prove that (H ⊗M coH , T ′) is a generic Rota-Baxter
left H-Hopf module of weight λ.
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As a matter of fact, for any h ∈ H,m ∈M coH , we have
T ′
2
(h⊗m) = T ′(h⊗ T (m)) = h⊗ T 2(m) = −λh⊗ T (m) = −λT ′(h⊗m),
so T ′ is quasi-idempotent of weight λ. Again, for any h, g ∈ H,m ∈M coH , we get
T ′(h · (g ⊗m)) = T ′(hg ⊗m) = hg ⊗ T (m)
= h · T ′(g ⊗m),
T ′(h⊗m)(−1) ⊗ T
′(h⊗m)(0) = (h⊗ T (m))(−1) ⊗ (h⊗ T (m))(0)
= h1 ⊗ (h2 ⊗ T (m)) = h1 ⊗ T
′(h2 ⊗m)
= (h⊗m)(−1) ⊗ T
′((h⊗m)(0)),
so, T ′ is a left H-Hopf module map. Hence (H ⊗M coH , T ′) is a generic Rota-Baxter left H-Hopf
module of weight λ by Proposition 6.3.
According to Theorem 4.1.1 in [12], we have an H-Hopf module isomorphisms as follows:
α : H ⊗M coH →M, h⊗m 7→ h ·m,
with the inverse
β :M → H ⊗M coH , m 7→ m(−1) ⊗ EM (m(0)),
where EM (m) is given by S(m(−1)) ·m(0), for m ∈M .
Moreover, for any m ∈M , we obtain
T ′ ◦ β(m) = T ′(m(−1) ⊗ EM (m(0)))
= m(−1) ⊗ T (EM (m(0)))
= m(−1) ⊗ T (S(m(0)(−1)) ·m(0)(0))
= m(−1) ⊗ S(m(0)(−1)) · T (m(0)(0))
= m(−1) ⊗ S(T (m(0))(−1)) · T (m(0))(0)
= m(−1) ⊗ EM (T (m(0)))
= T (m)(−1) ⊗ EM (T (m)(0)))
= β ◦ T (m),
so T ′◦β = β◦T . In a similar way, we can prove that α◦T ′ = T ◦α. Hence (M,T ) ∼= (H⊗M coH , T ′)
as generic Rota-Baxter left H-Hopf module of weight λ. 
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